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INFINITE SUMSETS WITH MANY REPRESENTATIONS
MELVYN B. NATHANSON
To Helmut Maier on his 60th birthday
Abstract. Let A be an infinite set of nonnegative integers. For h ≥ 2, let
hA be the set of all sums of h not necessarily distinct elements of A. If every
sufficiently large integer in the sumset hA has at least two representations,
then A(x) ≥ (log x)/ log h) − w0, where A(x) counts the number of integers
a ∈ A such that 1 ≤ a ≤ x.
1. Representation functions of sumsets
Let A be a set of integers and let h ≥ 2 be an integer. The counting function
A(x) counts the number of positive integers in the set A that do not exceed x. The
h-fold sumset hA is the set of all integers n that can be written as sums of h not
necessarily distinct elements of A. For every integer n, the representation function
rA,h(n) counts the number of h-tuples (a1, a2, . . . , ah) ∈ Ah such that
a1 ≤ a2 ≤ · · · ≤ ah
and
a1 + a2 + · · ·+ ah = n.
A Sidon set is a set A of nonnegative integers such that every element in the
sumset 2A has a unique representation, that is, rA,2(n) = 1 for all n ∈ 2A. More
generally, for positive integers h and s, a Bh,s-set is a set A of nonnegative integers
such that rA,h(n) ≤ s for all n ∈ hA. Sets whose sumsets have few representations
have been studied intensively (cf. Halbertam-Roth [2], O’Bryant [4]).
In this paper we consider sets whose h-fold sumsets have many representations.
A basic result is that if h ≥ 2 and A is an infinite set of nonnegative integers with
rA,h(n) ≥ 2 for all sufficiently large integers n ∈ hA, then
A(x) ≫ log x.
In the special case h = 2, Balasubramanian and Prakesh [1] proved that there
is a number c > 0 such that, if A is an infinite set of nonnegative integers with
rA,2(n) ≥ 2 for all sufficiently large integers n ∈ 2A, then
A(x) ≥ c
(
log x
log log x
)2
.
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This improved a previous result of Nicolas, Ruzsa, and Sa¨rko`zy [3], who also proved
the existence of an infinite set A of nonnegative integers with rA,2(n) ≥ 2 for all
sufficiently large integers n ∈ 2A such that
A(x)≪ (log x)2.
It is an open problem to extend these results to h-fold sumsets for h ≥ 3.
Acknowledgements. I thank Michael Filaseta for bringing these problems to my
attention, and Quan-Hui Yang for the reference to the paper of Balasubramanian
and Prakesh.
2. Growth of sets with many representations
Let [u, v) denote the interval of integers i such that u ≤ i < v. Let |X | denote
the cardinality of the set X .
Theorem 1. Let h ≥ 2 be an integer, and let A be an infinite set of nonnegative
integers. If rA,h(n) ≥ 2 for all sufficiently large integers n ∈ hA, then there is a
positive number w0 such that
A(x) >
log x
log h
− w0
for all x ≥ h.
Proof. For every positive integer k, let
Ik =
[
hk−1, hk
)
and
Ak = A ∩ Ik.
The sets {Ak : k = 1, 2, . . .} partition A \ {0}.
There exists a positive integer n0 such that, if n ≥ n0 and n ∈ hA, then rA,h(n) ≥
2. Because A is infinite, there exists a0 ∈ A with ha0 ≥ n0. Choose k0 such that
a0 ∈ Ak0 .
Suppose that k ≥ k0 and Ak 6= ∅. Let
a∗k = max(Ak).
Then
hk−1 ≤ a∗k < h
k
and
A ∩
[
a∗k + 1, h
k
)
= ∅.
Consider the integer
ha∗k ∈ hA.
Because a∗k ≥ a0, we have ha
∗
k ≥ ha0 ≥ n0, and so rA,h(ha
∗
k) ≥ 2. It follows that
the set A contains nonnegative integers a1, . . . , ah such that
(1) a1 < ah
(2) a1 ≤ a2 ≤ · · · ≤ ah
and
a1 + a2 + · · ·+ ah = ha
∗
k.
Because A is a set of nonnegative integers, we have
ah ≤ ha
∗
k.
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Inequalities (1) and (2) imply that
ha∗k = a1 + a2 + · · ·+ ah < hah
and so
a∗k < ah ≤ ha
∗
k < h
k+1.
Therefore,
a∗k + 1 ≤ ah < h
k+1.
Equivalently,
ah ∈
[
a∗k + 1, h
k+1
)
=
[
a∗k + 1, h
k
)
∪ Ak+1.
Because A ∩
[
a∗k + 1, h
k
)
= ∅, we see that ah ∈ Ak+1 and so Ak+1 6= ∅. It follows
by induction that Ak 6= ∅ for all k ≥ k0.
Let x ≥ h, and choose the positive integer t such that
ht ≤ x < ht+1.
Because
A \ {0} =
∞⋃
k=1
Ak
it follows that
A(x) ≥ A
(
ht
)
≥ t− (k0 − 1) >
log x
log h
− k0
for all x ≥ h. Let w0 = k0. This completes the proof. 
Theorem 2. Let ℓ ≥ 2 be an integer, and let A be an infinite set of nonnegative
integers. If rA,2(n) ≥ ℓ for all sufficiently large integers n ∈ 2A, then there is a
positive number w0 such that
A(x) >
(ℓ− 1) logx
log 2
− w0
for all x ≥ 2.
Proof. For every positive integer k, let
Ik =
[
2k−1, 2k
)
and
Ak = A ∩ Ik.
The sets {Ak : k = 1, 2, . . .} partition A \ {0}.
There exists a positive integer n0 such that if n ≥ n0 and n ∈ 2A, then rA,2(n) ≥
ℓ. Because A is infinite, there exists a0 ∈ A with 2a0 ≥ n0. Choose k0 such that
a0 ∈ Ak0 .
Suppose that k ≥ k0 and Ak 6= ∅. Let
a∗k = max(Ak).
Then
2k−1 ≤ a∗k < 2
k
and
A ∩
[
a∗k + 1, 2
k
)
= ∅.
Consider the integer
2a∗k ∈ 2A.
4 MELVYN B. NATHANSON
Because a∗k ≥ a0, we have 2a
∗
k ≥ 2a0 ≥ n0, and so rA,2(2a
∗
k) ≥ ℓ. It follows that
the set A contains a subset
{ai,j : i = 1, 2 and j = 1, . . . , ℓ− 1}
such that, for j = 1, 2, . . . , ℓ− 1,
a1,j < a2,j
a1,1 < a2,1 < · · · < aℓ−1,1 < a
∗
k < aℓ−1,2 < · · · < a2,2 < a1,2
and
a1,j + a2,j = 2a
∗
k
for j = 1, 2, . . . , ℓ− 1. Moreover, a1,j ≥ 0 implies that
a2,j ≤ 2a
∗
k
for j = 1, 2, . . . , ℓ− 1.
Because 0 ≤ a1,j < a2,j , we have
2a∗k = a1,j + a2,j < 2ai,2
and so
a∗k < a2,j ≤ 2a
∗
k < 2
k+1.
Therefore,
a∗k + 1 ≤ a2,j < 2
k+1.
Equivalently,
a2,j ∈
[
a∗k + 1, 2
k+1
)
=
[
a∗k + 1, 2
k
)
∪ Ak+1
for j = 1, 2, . . . , ℓ − 1. Because A ∩
[
a∗k + 1, 2
k
)
= ∅, we see that a2,j ∈ Ak+1 for
j = 1, 2, . . . , ℓ− 1, and so |Ak+1| ≥ ℓ− 1. It follows by induction that |Ak| ≥ ℓ− 1
for all k ≥ k0 + 1.
Let x ≥ 2, and choose the positive integer t such that
2t ≤ x < 2t+1.
Because
A \ {0} =
∞⋃
k=1
Ak
it follows that
A(x) ≥ A
(
2t
)
≥ (ℓ − 1)(t− k0)
> (ℓ− 1)
(
log x
log 2
− k0 − 1
)
=
(ℓ− 1) log x
log 2
− w0
for all x ≥ 2. Let w0 = (ℓ− 1)(k0 + 1). This completes the proof. 
Theorem 3. Let h ≥ 2 and ℓ ≥ 2 be integers, and let A be an infinite Bh−1,s set
of nonnegative integers. If rA,2(n) ≥ ℓ for all sufficiently large integers n ∈ hA,
then there is a positive number w0 such that
A(x) >
(ℓ− 1) logx
s logh
− w0
for all x ≥ h.
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Proof. For every positive integer k, let
Ik =
[
hk−1, hk
)
and
Ak = A ∩ Ik.
The sets {Ak : k = 1, 2, . . .} partition A \ {0}.
There exists a positive integer n0 such that, if n ≥ n0 and n ∈ hA, then rA,h(n) ≥
ℓ. Because A is infinite, there exists a0 ∈ A with ha0 ≥ n0. Choose k0 such that
a0 ∈ Ak0 .
Suppose that k ≥ k0 and Ak 6= ∅. Let
a∗k = max(Ak).
Then
hk−1 ≤ a∗k < h
k
and
A ∩
[
a∗k + 1, h
k
)
= ∅.
Consider the integer
ha∗k ∈ hA.
Because a∗k ≥ a0, we have ha
∗
k ≥ ha0 ≥ n0, and so rA,h(ha
∗
k) ≥ ℓ. It follows that
the set A contains a subset
{ai,j : i = 1, . . . , h and j = 1, . . . , ℓ− 1}
such that, for j = 1, 2, . . . , ℓ− 1,
(3) a1,j < ah,j
(4) a1,j ≤ a2,j ≤ · · · ≤ ah−1,j ≤ ah,j
a1,j + a2,j + · · ·+ ah−1,j + ah,j = ha
∗
k
and
(a1,j , a2,j, . . .+ ah−1,j, ah,j) 6= (a1,j′ , a2,j′ , . . .+ ah−1,j′ , ah,j′)
for 1 ≤ j < j′ ≤ ℓ − 1. Moreover, for i = 1, . . . , h − 1 and j = 1, . . . , ℓ − 1, the
inequality ai,j ≥ 0 implies that
ah,j ≤ ha
∗
k
for j = 1, 2, . . . , ℓ− 1.
Let b ∈ A and let J be a subset of {1, ..., ℓ− 1} such that ah,j = b for all j ∈ J .
If j ∈ J , then
a1,j + a2,j + · · ·+ ah−1,j = ha
∗
k − ah,j = ha
∗
k − b
and so
rA,h−1(ha
∗
k − b) ≥ |J |.
Because A is a Bh−1,s-set, we have
rA,h−1(ha
∗
k − b) ≤ s
and so |J | ≤ s. The pigeonhole principle implies that
|{ah,j : j = 1, . . . , ℓ− 1}| ≥
ℓ− 1
s
.
It follows from inequalities (3) and (4) that
ha∗k = a1,j + a2,j + · · ·+ ah,j < hah,j
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and so
a∗k < ah,j ≤ ha
∗
k < h
k+1.
Therefore,
a∗k + 1 ≤ ah,j < h
k+1.
Equivalently,
ah,j ∈
[
a∗k + 1, h
k+1
)
=
[
a∗k + 1, h
k
)
∪Ak+1
for j = 1, 2, . . . , ℓ− 1. Because A ∩
[
a∗k + 1, h
k
)
= ∅, we see that
{ah,j : j = 1, 2, . . . , ℓ− 1} ⊆ Ak+1
and so
|Ak+1| ≥
ℓ− 1
s
.
It follows by induction that |Ak| ≥ (ℓ − 1)/s for all k ≥ k0 + 1.
Let x ≥ h, and choose the positive integer t such that
ht ≤ x < ht+1.
Because
A \ {0} =
∞⋃
k=1
Ak
it follows that
A(x) ≥ A
(
ht
)
≥
(
ℓ− 1
s
)
(j − k0)
>
(
ℓ− 1
s
)(
log x
log h
− k0 − 1
)
for x ≥ h. Let w0 = (ℓ− 1)(k0 + 1)/s. This completes the proof.

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